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Introduction Background

Distributed Optimization

I What is Distributed Optimization?

Distributed Optimization enables multiple

agents in a network to collaboratively solve the

problem of optimizing the average of local

objective functions.

I Why not Centralized Optimization?

possible lack of central authority

efficiency, privacy-preserving and

robustness issues1

Source: http://php.scripts.psu.edu/muz16/image/slide/dis_opt_slide.png

Figure 1 The Illustration of Distributed Optimization

1A. Nedić et al., “Distributed optimization for control,” Annual Review of Control, Robotics, and Autonomous Systems, vol. 1, pp. 77–103, 2018
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Introduction Background

Distributed Optimization: Application Scenarios

• Distributed Optimization empowers networked multi-agent systems

(a) Distributed Machine Learning2 (b) Distributed Localization in Wireless Sensor Networks3

(c) Distributed Coordination in Smart Grid4 (d) Distributed Management of Multi-robot Formations5

Figure 2 Application Ranges of Distributed Optimization
2S. Boyd et al., Found. Trends Mach. Learn., 2011, 3 Y. Zhang et al., IEEE Trans. Wireless Commun., 2015, 4 C. Zhao et al., IEEE Trans. Smart Grid, 2016, 5 W. Ren et al., ROBOT

AUTON SYST., 2008. 3 / 22



Introduction Existing Works

Distributed Optimization: Existing Works

I We classify existing distributed optimization algorithms into three categories:

Primal Methods: DGD6, EXTRA7, Acc-DNGD8, . . .

Dual Methods: MSDA9, Distributed FGM10, . . .

Primal-Dual Methods: DCS11, MSPD12, . . .

I Is there any deficiency?

1 Convexity assumptions on the objectives are prerequisites.

2 Computational costs can be large, as certain local computations are constantly performed by every

agent at every iteration.
6A. Nedic et al., IEEE Trans. Autom. Control, 2009, 7W. Shi et al., SIAM J. Optim., 2015, 8G. Qu et al., IEEE Trans. Autom. Control, 2019, 9K. Scaman et al., in Proc. Int. Conf. Mach.

Learn., 2017, 10C. A. Uribe et al., arXiv e-prints, 2018, 11G. Lan et al., Math. Program., 2017, 12K. Scaman et al., in Adv Neural Inf Process Syst, 2018.
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Introduction Motivation and Contributions

Motivation and Contributions

Motivation

to develop distributed optimization algorithms that

have low computational costs

handle problems with non-convex objectives

Our Contributions

be the first to obtain ε globally optimal solutions of constrained distributed optimization problems

without convex-objective assumptions

propose a novel algorithm, CPCA, based on Chebyshev polynomial approximation and consensus

provide comprehensive analysis of the accuracy and complexities of CPCA
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Our Algorithm: CPCA Problem Formulation

Problem Formulation

The constrained distributed optimization problem we considered is

min
x

f(x) = 1
N

N∑
i=1

fi(x),

s.t. x ∈ X =
N⋂
i=1

Xi, Xi ⊂ R.

(1)

Assumptions

1 G is a static, connected and undirected graph.

2 Every fi(x) is Lipschitz continuous on Xi.

3 All Xi are the same closed interval [a, b].

Note

Convexity assumptions on the objectives are

dropped.

The problem is a constrained one.
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Our Algorithm: CPCA Overview of CPCA

Key Ideas

Inspirations

Researchers use Chebyshev polynomial approximation to substitute for the target function defined

on an interval, so as to make the study of its property much easier.

f(x) ≈ p(x) =
m∑
i=0

ciTi(x), x ∈ [−1, 1]
Source: T. A. Driscoll et al., Chebfun guide, 2014

Insights
turn to optimize the approximation (i.e. the proxy) of the global objective, to obtain ε-optimal
solutions for any given error tolerance ε

use average consensus to enable every agent to get such a global proxy

compute the optimal value of the global proxy based on its stationary points
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Our Algorithm: CPCA Overview of CPCA

Overview of CPCA

Algorithm 3: Finding Minima

Algorithm 1: Initialization

𝑓𝑖(𝑥) 𝑝𝑖(𝑥)

𝑓𝑒
∗, 𝑋𝑒
∗ 𝑝𝑖

𝐾 𝑥

Adaptive Chebyshev
Interpolation (ACI)

Processing

ProcessingFind Minima

Algorithm 2: Consensus Iteration

Average Consensus

𝑐10 ··· 𝑐1𝑚1

···

𝑐𝑖0 ··· 𝑐𝑖𝑚𝑖

𝑐0 ··· 𝑐𝑚

···

𝑐0 ··· 𝑐𝑚

local objective 
function

Chebyshev polynomial 
approximation (proxy)

local vector 𝑝𝑖
0

local vector 𝑝𝑖
𝐾

converge to 𝑝

𝑝 =
1

𝑁
 

𝑖=1

𝑁

𝑝𝑖
0

average

proxy for global objective 𝑓(𝑥)

stationary points 
based method

Figure 3 The Architecture of CPCA

8 / 22



Our Algorithm: CPCA Algorithm Development

Initialization: Construction of Approximations

Goal

Construct the Chebyshev polynomial approximation pi(x) for fi(x), such that

|fi(x)− pi(x)| ≤ ε1, ∀x ∈ [a, b].

Then, get p0
i storing the information of the Chebyshev coefficients with additional computations.

Details

1 Use Adaptive Chebyshev Interpolation13 to get pi(x).
2 Through certain recurrence formula, compute p0

i storing the coefficients of the derivative of

pi(x). (To guarantee that the closeness between vectors translates to the closeness between functions.)

13J. P. Boyd, Solving Transcendental Equations: The Chebyshev Polynomial Proxy and Other Numerical Rootfinders, Perturbation Series, and Oracles. SIAM, 2014, vol. 139.
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Our Algorithm: CPCA Algorithm Development

Initialization: Construction of Approximations

• Examples

I Setup: precision requirement ε1 = 10−6, constraint set X = [−3, 3]

◦ Case I

f1(x) = 1
2 e0.1x + 1

2 e−0.1x

p1(x) =
∑4

j=0 cjTj
(
x
3

)

p0
1 = [1.0226, 0, 0.0303, 0, 1.1301× 10−4]

′

Adaptive Interpolation

recurrence formula

(In fact, |f1(x)− p1(x)| ≤ 4.8893× 10−8, x ∈ X.)

◦ Case II

f2(x) = 1
4 x4 + 2

3 x3 − 1
2 x2 − 2x

p2(x) =
∑4

j=0 cjTj
(
x
3

)

p0
2 = [5.3437, 7, 17.25, 9, 6.75]

′

Adaptive Interpolation

recurrence formula

(In fact, |f2(x)− p2(x)| ≤ 1.7036× 10−14, x ∈ X.)
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Our Algorithm: CPCA Algorithm Development

Iteration: Consensus-based Update of Local Vectors

Goal

Make local vectors pKi converge to the average p̄ of all the initial values p0
i , i.e.,

max
i∈V

∥∥pKi − p̄∥∥∞ ≤ δ,
where

δ = ε2

1 + b−a
2
(
lnm+ 3

2
)

is proportional to the given precision ε2, with m = maxi∈V mi.

Strategies

Run linear time average consensus14 for certain rounds.
14A. Olshevsky, “Linear time average consensus and distributed optimization on fixed graphs,” SIAM J. Optim., vol. 55, no. 6, pp. 3990–4014, 2017.
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Our Algorithm: CPCA Algorithm Development

Iteration: Consensus-based Update of Local Vectors

Further Assumption: Every agent in the network knows an upper bound U on N .

Iteration Rules 
pki = qk−1

i + 1
2
∑
j∈Ni

qk−1
j − qk−1

i

max(di, dj)
,

qki = pki +
(

1− 2
9U + 1

)
(pki − pk−1

i ).

The number of iterations K is

K ← max
(⌈

ln(δ/2
√

2U‖rUi − sUi ‖∞)
ln ρ

⌉
, U

)
,

where rki , ski are two variables updated based on max/min consensus, so that ‖rUi − sUi ‖∞ equals

to maxi,j∈V
∥∥pki − pkj∥∥∞.
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Our Algorithm: CPCA Algorithm Development

Iteration: Consensus-based Update of Local Vectors

Results

With K ∼ O
(
N log

(
N logm
ε2

))
iterations, we have

max
i∈V

∥∥pKi − p̄∥∥∞ ≤ δ.
This translates to

|pKi (x)− p̄(x)| ≤ ε2,

where pKi (x), p̄(x) are the Chebyshev polynomials recovered from pKi , p̄, respectively.
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Our Algorithm: CPCA Algorithm Development

Finding Minima: Taking a Straightforward Approach

Goal

Based on pKi , compute X∗e , containing ε-optimal solutions of (1).

Intuitions

I After the initialization, we have |p̄(x)− f(x)| ≤ ε1, x ∈ X.

After the iteration, we have |pKi (x)− p̄(x)| ≤ ε2, x ∈ X.

I If we set ε1 = ε2 = ε
4 , it follows that |pKi (x)− f(x)| ≤ ε

2 , x ∈ X.

I The value of f(x) at the optimal points of pKi (x) are within ε of optimal.

I This means that the points in the optimal set X∗
e of pKi (x) are ε-optimal solutions of (1).
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Our Algorithm: CPCA Algorithm Development

Finding Minima: Taking a Straightforward Approach

Procedures

1 Recover the polynomial proxy pKi (x) from pKi .
2 Construct the colleague matrix MC from pKi , and compute its real eigenvalues. (These are the

stationary points of pKi (x).)

MC =



0 1
1
2 0 1

2
1
2 0 1

2

. . .
. . .

. . .
1
2 0 1

2

− c0
2cm

− c1
2cm

− c2
2cm

· · · 1
2 −

cm−2
2cm

−
cm−1
2cm


m×m

3 Compute and compare the critical values of pKi (x), and take the optimal points to form X∗e .
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Our Algorithm: CPCA Analysis of CPCA

Accuracy of CPCA

• CPCA ensures that every agent gets ε-optimal solutions for any given error tolerance ε.

Theorem 1

With CPCA, every agent gets ε-optimal solutions for (1), i.e., for any xe in X∗e ,

|f(xe)− f∗| ≤ ε,

where f∗ is the optimal value of (1).

• ε is used to set ε1 and ε2 (both equal to ε
4 ) to regulate the initialization and the iteration stage, so as

to guarantee the meet of the precision requirement.
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Our Algorithm: CPCA Analysis of CPCA

Complexities of CPCA

Table 1 Complexities of CPCA

Stages Elementary Operations Zero-order Oracle Queries Inter-communications

initialization O
(
m2 logm

)
O(m) 0

iteration O
(
N log

(
N logm

ε

))
0 O

(
N log

(
N logm

ε

))
solve O

(
m3) 0 0

whole O
(
N log

(
N logm

ε

))
O(m) O

(
N log

(
N logm

ε

))
N : the size of the network m: the largest order of the polynomial approximations

Note: • The oracle complexities are independent of N .

Note: • m is relevant to the smoothness of local objectives, and will not be very large generally (e.g, 10 ∼ 102).
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Numerical Experiments

Numerical Experiments

Algorithms to Compare

CPCA

Distributed Projected sub-Gradient Descent (DPGD)15 (with step size ηt = 5
4 ·

N
t ).

Network Models

The network has N = 36 agents, and G varies from:

9-cycle graph

6× 6 grid graph

Erdos-Renyi random graph with connectivity probability 0.4

15A. Nedic et al., “Constrained consensus and optimization in multi-agent networks,” IEEE Trans. Autom. Control, vol. 55, no. 4, pp. 922–938, 2010.
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Numerical Experiments

Numerical Experiments

Case I: the objective functions are

fi(x) = aie
bix + cie

−dix, x ∈ Xi = [−3, 3],

where ai, ci ∼ U(0, 1), bi, di ∼ U(0, 0.2).

Case II: the objective functions are

fi(x) = aix
4 + bix

3 + cix
2 + dix+ ei, x ∈ Xi = [−3, 3],

where ai to ei satisfy normal distributions, with µ being 1/4, 2/3,−1/2,−2 and 0 respectively, and

σ all being 0.1.

Note: Case I: convex objectives Case II: non-convex objectives
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Numerical Experiments

Numerical Experiments

• horizontal axis: Iterations K • vertical axis: Objective Errors ε (ε = |f(xe)− f∗|)
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Figure 4 Simulation Results

Note: ◦ linear v.s. sub-linear convergence ◦ applicable to the cases with non-convex objectives
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Conclusion Summary

Summary

We propose a Chebyshev Proxy and Consensus-based Algorithm (CPCA) for the distributed optimization

problem with same local constraint sets and Lipschitz continuous univariate objective functions.

Features of CPCA

able to address the problem with non-convex objectives and obtain ε globally optimal solutions

I originates from the idea of solving an easier problem of optimizing the polynomial approximation

(i.e. the proxy) instead

free from gradient or projection computations, and has low computational costs

I results from the scheme of employing simple average consensus to update coefficient vectors, not

estimates of the optimizers
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Conclusion Future Works

Future Works

Future works include

Design more efficient terminating rules for the average consensus iterations within the algorithm to

reduce communication complexities.

Develop similar algorithms for problems with multivariate objectives based on the idea of

approximation.
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