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Abstract— We consider a general distributed optimization
problem, aiming to optimize the average of a set of local
objectives that are Lipschitz continuous univariate functions,
with the existence of same local constraint sets. To solve the
problem, we propose a Chebyshev Proxy and Consensus-based
Algorithm (CPCA). Compared with existing distributed opti-
mization algorithms, CPCA is able to address the problem with
non-convex Lipschitz objectives, and has low computational
costs since it is free from gradient or projection calculations.
These benefits result from i) the idea of optimizing a Chebyshev
polynomial approximation (i.e. a proxy) for the global objective
to obtain (¢)-optimal solutions for any given precision (¢),
and ii) the use of average consensus where the local proxies’
coefficient vectors are gossiped to enable every agent to obtain
such a global proxy. We provide comprehensive analysis of
the accuracy and complexities of the proposed algorithm.
Simulations are conducted to illustrate its effectiveness.

I. INTRODUCTION

Distributed optimization algorithms enable multiple agents
in a network to collaboratively solve the problem of optimiz-
ing the average of local objective functions. Their develop-
ments have been motivated by wide application scenarios,
including distributed machine learning [1], statistics [2],
estimation [3] and coordination [4]—[6] in large-scale multi-
agent systems, like wireless sensor networks, smart grids,
multi-robot systems and so on.

Most distributed optimization algorithms are first-order
methods based on gradients, and can be divided into three
categories: primal, dual and primal-dual methods. They all
employ consensus to make all agents’ local estimates be
close after iterations. Primal methods [7]-[10] use sub-
gradient descent to drive the estimates to the optimal points
in the primal domain. Dual methods [11], [12] consider the
dual of the problem with consensus equality constraints and
go on iterations in the dual domain. Primal-dual methods
[13]-[15] update primal and dual variables in parallel, so
as to reach the saddle points of the Lagrangian. When there
also exist local set constraints, projection operations onto the
constraint sets can be taken to extend existing unconstrained
methods [16], [17].

However, existing iterative gradient-based algorithms gen-
erally work under the premise that the objective functions are
convex, and involve computationally expensive operations at
every iteration. They need convexity assumptions either to
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guarantee the reach of the global rather than local optimizer,
or to make sure the hold of strong duality. Since they
require every agent at every iteration to compute gradients
or optimize a local sub-problem, which can be costly in
general, the total computational costs are rather high when
the iterations go long. Moreover, constrained methods have
extra costs of calculating projections and still suffer from
sub-linear convergence rates. It still remains an open problem
how to design algorithms that can handle problems with non-
convex objectives and are computationally inexpensive.

Recently, there have been works in the numerical analysis
field that use the Chebyshev polynomial approximation to
substitute for the target function defined on an interval, so
as to make the study of its property much easier [18]-[20].
Since an arbitrarily precise approximation (i.e. a proxy) can
be constructed for any continuous objective on the entire
interval, the difference between their optimal values can
be arbitrarily small. This means that we can turn to solve
the easier problem of optimizing the proxy of the global
objective instead. In addition, the coefficient vector of the
proxy serves as a discrete representation of it. This implies
that by going on average consensus, agents can obtain the
average of all those vectors of the local proxies. This average
is exactly the representation of the proxy of the global
objective. Agents can then compute the optimum of the
polynomial recovered from this vector by evaluating it on
all its critical points, and thus obtain close estimates for that
of the global objective.

Based on these intuitions, we develop a Chebyshev Proxy
and Consensus-based Algorithm (CPCA) for the constrained
distributed optimization problem. This problem has same
local constraint sets (the extension to the case with different
sets is not difficult) and general Lipschitz continuous uni-
variate objectives. The main contributions are summarized
as follows:

1) To the best of our knowledge, this is the first work
to achieve global optimum for constrained distributed
optimization problems without convexity assumptions
on the objectives.

2) We propose a novel algorithm, CPCA, based on
Chebyshev polynomial approximation and consensus.
It jumps out of the scope of iterative gradient- and
projection-based methods, and solves an easier prob-
lem of optimizing the polynomial approximation for
the global objective instead. Also, it has a simple iter-
ating structure of processing coefficient vectors, rather
than gossiping estimates of the optimizers followed by
additional operations.



3) We provide comprehensive analysis of the ac-
curacy and the complexities of CPCA. Specifi-
cally, for any given error tolerance €, the solu-
tions it yields are e-optimal. The communication and
zero-order oracle complexities for every agent are
O(N log(N logm/e)) and O(m) respectively, where
N is the number of agents and m is the degree of the
approximation. Note that our algorithm is free from
gradient computations, and has oracle complexities
independent of N and e. This shows that our algorithm
are computationally inexpensive.

The rest of this paper is organized as follows. Section II
provides some preliminaries and formally defines the prob-
lem of interest. Section III presents our algorithm, namely
CPCA. Section IV provides the analysis of the accuracy
and complexities of CPCA. Section V shows the simulation
results. Finally, Section VI concludes this paper.

Notations. For vector a, we use a’ to denote its transpose,
||| to denote its lo-norm, and ||a||« to denote its ,-norm.
We denote the all-ones vector by 1. The superscript ¢ denotes
the index of the iterations, and the subscripts ¢, 7 denote the
indexes of the agents. The scripts in parentheses k,! denote
the indexes of the elements in a vector.

II. PRELIMINARIES AND PROBLEM FORMULATION

Consider a network with N agents. Its communication
topology is described as a graph G = (V, &), where V is
the set of agents, and £ C V x V is the set of edges. It is
noted that agent j can receive information from agent ¢ if
and only if (iff) (,7) € £. Throughout the paper, we assume
that G is a static, connected and undirected graph.

A. Typical Types of Consensus

Suppose every agent ¢ maintains a local variable z! € R,
where ¢ € N is the number of iterations. The maximum
consensus protocol is

t_ t
2} = max {z]

-1 t—1

, maxa; }, (1)
where N; denotes the set of agent 4’s neighbors. By (1), all
x! converge to max;ey 2 in T (T < D) iterations, where
D is the diameter of G.

Another type of consensus is average consensus. There
have already been such protocols, e.g., [21], whose conver-
gence time scale quadratically with V. Recently, [22] shows
that the order of convergence in terms of N can be brought
down to linear with the following assumption.

Assumption 1 ([22]). Every agent i in G knows an upper
bound U on N, such that 3c € R: N <U < ¢N.

The linear time average consensus protocol [22] is

t—1

t—1
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where ! is 1n1t1ahzed to be z¢ and d; is the degree of node
iin G. Let o' = [2},... xN] c oyt = [y, yk]. The
convergence of (2) is discussed in the following theorem.

Theorem 1 ([22]). If Assumption 1 holds, with (2), we have
ly" — 1| < v2p
where T = 1/N Ef\il

2, and p = /1 —1/(9U).

Let ¢! = y* — 1. We derive the decaying property of
maxy; e’ (k) — e'(1)|, where k and [ are the indexes of the
elements in e’.

Corollary 1. If Assumption 1 holds, with (2), we have

e'()] < 2v2Np' max % (k) — e°(1)] .-

¢
max fe (k)

Proof. By rewriting (2) as matrix equations and noting that
the weight matrix is doubly stochastic, we have 1'y? =
1’2, vt € N,. ! Hence, 1’e! = 0, V¢t € N,. As a result,
llet|l ., < maxg,|ef(k) —e'(1)] < 2|e||,, - Therefore,

maaele! () — 0] < 2|, < 2|}, < 230" ]

< 2V2Np' ||eo||Oo < 2V2Np' max ’eo(k) — eo(l)’ .

O
B. Chebyshev Polynomial Approximation

For a Lipschitz continuous function g(z) with = € [a,b],
its degree m Chebyshev interpolant p,,(x) is

§: T(M;:?WU’

where T (-) denotes the j-th Chebyshev polynomial. As m
grows, p.,,(z) converges to g(x) uniformly on the given
interval [18], i.e.,

€ [a,b], (3)

Vz € [a,b], |pm(z) —g(z)| — 0, as m — occ.

Let cg be the Chebyshev coefficients of the derivative of
pm(2). Then, we have the following recurrence formula,

0, j=mmt,...
C;»Z c;-+2+2(j+1)50j+1, j=m-1,...,1 4)
012/2+SCI7 ]:07

where S =2/(b— a).
By [18], the roots of p,,(x) are the eigenvalues of a
colleague matrix M, which is given by

0 1

1 1

2 0 2
- (5)
1 1
2 0 2

___¢o _ < .. 1 _ Cm 2 _Cm 1
2¢m 2¢cm 2 2¢m 2¢m mxm

Clearly, M¢ is a sparse matrix whose non-zero elements are
trivial functions of the Chebyshev coefficients of p,, (z).

A detailed proof can be found in the proof of Theorem 2.
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Fig. 1. The Architecture of CPCA

C. Problem Formulation

In this paper, we mainly focus on the following con-
strained distributed optimization problem

NZL

st. zeX = ﬂxi,
=1

mm f(z

(6)

where f;(x) : X; — R is the local objective function and is
known only by agent ¢, and X; C R is the local constraint
set. Some basic assumptions are given as follows.

Assumption 2. Every f;(x) is Lipschitz continuous on X.

The Lipschitz continuous assumption on local objective
functions is quite common among the literature [12], [13].
What distinguishes our work from others is that we require
neither global nor local objectives to be convex.

Assumption 3. All X; are the same closed, bounded and
convex set.

By Assumption 3, for all ¢ € V, Xj is the closed interval
[a,b], where a,b € R. We make this simplification to
highlight the design and the structure of our algorithm.

III. ALGORITHM DEVELOPMENT

In this section, we present CPCA to solve problem (6) dis-
tributively. Figure 1 provides an overview of our algorithm.

A. Initialization: Construction of Approximations

In the initialization stage, every agent first constructs the
approximating polynomial, p;(x), corresponding to f;(x) on
the given interval, such that

fi(z) = pi(@)| < e,

Then, it obtains a local vector p? storing the information
of the Chebyshev coefficients with additional computations.
The details are summarized in Algorithm 1.

In Algorithm 1, p;(x) is constructed by using Adaptive
Chebyshev Interpolation (ACI) [20]. The key insight is to
systematically increase the degree of the Chebyshev inter-
polant until certain stopping criterion (proposed in [20]) is
met. Agents then calculate the Chebyshev coefficients {c;}
of the derivative of p;(x) with (4). The m;-dimensional
local vector p! stores these coefficients as well as the first

YV € [a,b]. (7)

Algorithm 1 Initialization of CPCA

Input: f;(z),e1 and X = [a, b].
Output: p{.
1: Initialize m; = 2.
2: Calculate Sp,, = {z;},{f;} according to

b—a g a+b
5 cos (E) + 5
fi = fi(z;),

where j = 0,1,...,m;.
3: Calculate {cx} according to

LS (b),

7=0

Ty =

my;

where the double prime indicates that the first and the last terms
are halved, and £k =0,1,...,m;.
4: If
| fiz5)

max

—pi(z;)] < e,
@;€(S2m; —Sm;)

where p;(z) is in the form of (3) with ¢ being the coefficients,
then go to step 5. Or set m; < 2m; and go to step 2.

5: Calculate {ck|k =0,...,m; — 1} with (4).

6: Set pd = [co,ch,Ch, -, c;ni,ll/.

coefficient ¢ of p;(z), and will be exchanged and updated
afterward.

ACI is robust and can yield p;(x) satisfying (7) for most
Lipschitz continuous f;(z) that are analytic or have several
orders of derivatives [20]. Therefore, we can conclude that
p;i(x) obtained from Algorithm 1 satisfies (7).

B. Iteration: Consensus-based Update of Local Vectors

In the iteration stage, agents update their local vectors
based on consensus, so as to make them converge to the
average of all the initial values. The goal is to ensure that
when the iteration stage ends,

max [ — Pl

holds, where K is the number of iterations, pX is the local
vector of agent i and p = 1/N Y. 10 is the average. To
meet the requirement of precision, J is set by

14+ L (nm+3)
Note that § is proportional to the given precision €3, with
m = max;eym; and S = 2/(b — a). The details are
summarized in Algorithm 2.

()

Remark 1. After the initialization, different agents have p?
of different dimensions m; + 1. While going on the update
in (9) and (10), agents ensure agreements in dimension
by aligning and padding zeros to lower dimensional local
vectors involved. After finite number of iterations (less than
the diameter of G, certainly less than U ), all the local vectors
will be of the same dimension max;cy m; +1 =m + 1.

In Algorithm 2, local vectors p} are updated based on the
linear time average consensus in (2), and will converge to

p. There are also two auxiliary vectors, 7! and s, updated



Algorithm 2 Iteration of CPCA

Algorithm 3 Finding Minima of CPCA

Input: p?, e, U and X = [a, b].
Output: pX.
1: Initialize: ¢ =) =Y =p), K=U, S=2/(b—a), p=
1—1/(90).

2: while t < K do
3:  Update p! and ¢ according to

t—1 t—1
t -1 1 q; —4q;
pi=¢; +3 E ——
2 = max(d;, d;) ©
t t 2 t t—1
t_ ot 1— t_ i1y
4 =pi + ( o0 + 1) (pi —pi ")

4:  Update the I-th element of ! and s! according to (1).

t t 1 t t—1
(1) = D, si(l)= ) (o
)= max rNO, S0 = min s 10)
5: if t = K and ¢t = U then
6: Set
\/ t_ gt
Kemax([ln(é/Q 2U||rz 87«”00)—‘ ,U), (11)
Inp
7: end if
8: Sett+t+1.
9: end while

10: return pf{ .

according to the maxi/minimum consensus in (1) within
the same iteration. After U iterations, agents obtain the
initial maximum deviation dy := max; jey [|p{ — p}llec =
7Y — sY]|w, and then calculate an upper bound K on the
number of iterations needed to guarantee specific average
consensus precision. After going on K iterations, agents ter-
minate simultaneously. The following theorem demonstrates
the effectiveness of Algorithm 2.

Theorem 2. For Algorithm 2, we have

12)

max ||pK

1€V 7?”00 =9

where § satisfies (8).

Proof. First, we show that >, ., pl = >, p?, Vt € Ny.
It follows from Remark 1 that all p! will be of the same
dimension in finite time. To simplify the analysis, we assume
that the aligning and zero-padding mentioned in Remark 1
are completed in advance and that p9 € R™*! Vi € V. Let
Pt =[pi,....p4]) and Q' = [¢},...,qn]". By introducing
the lazy Metropolis weight matrix W, we rewrite (9) as

Pt — WQt—l

Qt _ Pt+ (1 o 9U2+1> (Pt *Ptil),

where P° and Q° are initialized to be equal. Since W
is doubly stochastic, 1’P! = 1'WQ° = 1'Q° = 1'PO,
Assume that for t = k, 1’P* = 1'P*~1, Since

1 Qk: 1 Pk ( > 1/ (Pk o Pkfl) _ llpkr,

9U +1

we have 1/PFtl = 1'WQF = 1'P*. Therefore,

1/Qk —

Input: pX and X = [a, b].
Output: fJ and X_.

1: Construct M¢ based on {pX(j)|j =2,...,m + 1} by (5).
2: Calculate {c;|7 = 0,...,m} according to
1 K .
L k. K. .
—— (p! 1) — p: =2,...
2js(pz G+ —pi (G+3), j=2,....m,
where S = 2/(b — a), and pf (4) is defined as 0 for j out of

range.
3: Calculate the real eigenvalues E = {\;} of Mc¢ that lie in
[a, b].
4: Set
X; = argminpk (),
reX

fe :xrégg}(pz (@),

where Xx = F U {a,b}, and

ZCJ (%ijb)) , x€la,b].

1Pt = 1'Pt~! = 1VP%° Vvt € N,. This implies that

Siph =Y p) VtEN,.
Then, we derive an upper bound for the left-hand side of
(12). For any 7 € V and ¢t € N4, we have

t 1 t

P — ~ p;

K2 N; J o

1 N

NZHM Pl <*Zma><||p§—p§||m
=1

= max||pi - pf|,

It -l = |

Subsequently, we characterize the decaying property of
d;. Suppose that at the ¢-th iteration, for some pair of i, 5 €

V, |pi(k) — p}(k)| = d;. Based on Corollary 1, we have
)0 0
<2v2 pt|e )‘ < 2v2Np max”e —eOH
= 2V2Np' max le —pj|| < 2V2Uptdy.
i,jEV o0

Finally, we prove (12). By (11), Algorithm 2 will at least
go on [In(§/2v2Udy)/ In(p)] iterations. Therefore,

|pf — Bl <dr <2v2Up"dy < 0. O

C. Finding Minima: Taking a Straightforward Approach

In this stage, agents optimize the polynomial proxy pX (z)
recovered from pX independently, and thus obtain e-optimal
solutions for (6). This is done by first finding the stationary
points of pX(z), then taking the minimum of all the critical
values of it. The details are summarized in Algorithm 3.

In Algorithm 3, agent ¢ first prepares the colleague matrix
M of order (m — 1) based on all but the first elements of
pX. Then, it calculates {c;} based on a reverse recurrence



Algorithm 4 CPCA
Input: €, U and X = [a,b].
Output: fr, X for agent i (i € V).
1: for each agent i € V do
2:  Take fz( ),X and €1 = £ as 1nputs and run Algorithm 1.
3:  Take p? returned in step 2 €2 = =, U and X as inputs, and
run Algorithm 2.
4:  Take pEK ) returned in step 3 and X as inputs, and run
Algorithm 3.
5:  Return fJ and X obtained in step 4.
6: end for

formula of (4) to obtain the proxy pX(z). Note that the
Chebyshev coefficients of the derivative of pX () are stored
in pX. It can therefore computes the real eigenvalues of M¢
to obtain the real roots of the derivative, i.e., the stationary
points of pX (). Finally, it evaluates pX (z) on X, the set
of all the critical points, and gets the minimum value fJ of
pf(@).

D. CPCA

CPCA is composed of the three algorithms discussed
previously. It is formulated as Algorithm 4.

Note that our algorithm takes the given error tolerance e
as one of the inputs. This tolerance e is used to set some key
parameters €1, €3 (and also 9) utilized in the corresponding
algorithms. As a result, the reach of e-optimality of CPCA
can be guaranteed.

IV. ANALYSIS OF CPCA
A. Accuracy of CPCA

We first provide a lemma stating that if two functions
f and g are sufficiently close on the entire interval, their
minimum values f(2}) and g(z}) are sufficiently close also.

Lemma 3. Suppose f,g satisfy |f(z) — g(z)| < €, Vz €

[a,b]. Then, |f(z}) — g(a:;)’ <e

Proof. First, we have —e < f(2}) — g(2}) <€, and —e <
f(xy)—g(z;) < e It follows that fla}) < fxp) < glap)+
€, and g(x *) < g(x}) < f(z}) + e This leads to —e <
flxy) - g(a?;) <e O

The accuracy of CPCA is established as follows. We use

€, f* to denote the given error tolerance, the optimal value
of problem (6), respectively.

Theorem 4. Suppose that Assumptions 1-3 hold. If ¢ is
specified, CPCA ensures that every agent obtains e-optimal
solutions [ for problem (6), i.e., |fX — f*| <e

Proof. We first establish the closeness between p (x) and
p(z). Let el = pX—p. By Theorem 2, ||eX||.. < 4. Suppose
the Chebyshev coefficients of pX (z) and p(z) are {c;} and
{¢&;}, respectively. Then,

lej* (1) < 6, j=0,
|2elK (2) — eZK(4)| 35 .
- < _— =
lej—¢;] < 25 =29’ 7=1
lefl(i+1)—ef(j+3)] _ 0
<2 j=29. .
275 jgr ST e

TABLE I
COMPLEXITIES OF CPCA

Stages Operations Oracles Communications
init O(m2 log m) O(m)
iteration O(Nlog (%)) 0 (Nlog(Nlogm)>
solve O(m3) 0 0
whole O<Nlog (&f’”)) O(m) <N10g(Nlogm)>
Consequently,
K _ = , 1/1 &1
pE () = p(x)| < lej — | 1< 1+f(7+27)
. S\2  4“—~m
j=0 j=1
<6(1+ 1(3+lnm)) <
€
512 =

where we use the fact that |T}(z)| < 1,Vx € [—1,1].

Then, we establish the closeness between p(x) and f(z).
Since p is the average of all p{, p(x) is also the average of
all p;(z). Based on the results in Section III-A, we have

p(z) — f(2)] =

1 N
¥ 2 (o)~ )

1 N
Sﬁgp(w)—fzx

Note that €; = €2 = ¢/2. Hence,

pi (2) = f(2)] < [pi* (2) = B(x)| + |B(x) — f(2)]
<€ +e=¢€
Based on Lemma 3, we have |f — f*| <e. O

B. Complexity of CPCA

We provide the analysis of the computational and com-
munication complexities of CPCA. The following theorem
establishes the total number of elementary operations (addi-
tions and multiplications), zero-order oracle queries (calls for
objective functions’ values) and inter-agent communication
needed while running CPCA from a single agent’s perspec-
tive. The details are summarized in Table 1.

Theorem 5. With CPCA, for every agent, the computational
Nlogm
€

costs are O (N log ( ) elementary operations and

O(m) zero-order oracle queries, and the number of commu-
L . Nlogm
nication rounds is O| N log (7)
€

Proof. The proof is omitted due to the space limit. O

Note that m is decided by the properties of the objectives,
and is independent of N and e. The first-order and zero-order
oracle complexities of CPCA are 0 and O(m), respectively,
and is independent of the iterations. This implies that our
algorithm has low computational costs.
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Fig. 2. Simulation results for problem (6) with objectives in (13) and (14).

V. NUMERICAL EXPERIMENTS

We use two experiments to illustrate the performance of
our algorithm and compare it with other algorithms. Consider
a network with N = 36 agents, and G varies from 9-cycle
graph, 6 x 6 grid graph to Erdos-Renyi random graph with
connectivity probability 0.4.

The first case is problem (6) with convex objectives. Here

reX=[-33, 13

where a;,¢; ~ U(0,1), b;,d; ~ U(0,0.2). We compare
CPCA with Distributed Projected (sub)Gradient Descent
(DPGD) in [16], whose vanishing step sizes are set based on
[17], and weight matrix is set using Laplacian method [8].
Figure 2(a) shows the convergence results of both algorithms.
The three curves corresponding to DPGD are too close to be
distinguished from one another. Note that for our algorithm,
the points on curves represent the number of inner consensus
iterations needed to guarantee that the specified precision is
achieved. We can see that DPGD has sublinear convergence
rate, while the consensus iterations within our algorithm
converge linearly.

The second case is problem (6) with non-convex Lipschitz
objectives. Here

fi(2) = aiz* + bix® + ci2® + dix + e,
reX=1[-33

where a; to e; satisfy normal distributions, with p being
1/4,2/3,—1/2,—2 and 0 respectively, and o all being 0.1.
Then, f(z) is roughly $2* + 223 — 122 — 2z, which is non-
convex and has a global minima at = 1. Figure 2(b) shows
the convergence results of our algorithm. We can observe that
in this case, CPCA can still yield e-optimal solutions with
O(log (1/€)) inner consensus iterations.

fi(x) = a;e”™ + cie™ 4",

(14)

VI. CONCLUSION

In this paper, we propose CPCA for the distributed
optimization problem with same local constraint sets and
Lipschitz continuous univariate objective functions. CPCA
is able to address the problem with non-convex objectives.
This originates from the idea of solving an easier problem of
optimizing the proxy for the global objective to obtain suffi-
ciently precise approximate solutions. Also, CPCA has low
computational complexities in that it is free from gradient
or projection computations. This results from the scheme of
employing average consensus to update coefficient vectors,

not estimates of the optimizers. Future works include design-
ing more efficient terminating rules for the iterations within
the algorithm to reduce communication complexities, and
developing similar algorithms for problems with multivariate
objectives based on the idea of approximation.
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