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Abstract—In wireless sensor networks, many sensors face
energy constraints and can switch among different work modes
to save energy. How to properly schedule work modes is impor-
tant for network utility maximization (NUM) in the long run.
This paper proposes multiperiod scheduling to maximize total
network utility by considering energy constraints and periodic
sensing requirements. This NUM problem presents challenging
mixed-integer programming, and it is difficult to solve by using a
centralized approach under complete information. Thus, we first
simplify the multiperiod problem to an equivalent single-period
problem, and then further reduce it to a pure-integer program-
ming problem, which can be solved easily in a centralized way.
As for the cases without a centralized coordinator among all
sensors, we propose an average consensus-based distributed
algorithm (ACDA) to distributively schedule the work modes of
all sensors using only local information. We prove that ACDA
converges exponentially fast and reaches global optimum as long
as the energy consumption of running the algorithm is ignorable.
The proposed distributed solution is also robust against packet
drop, node failures, and the changes of communication topology.
Extensive simulation results have also shown the effectiveness of
the proposed distributed algorithms.

Index Terms—Consensus, distributed algorithms, multiperiod
scheduling, network utility maximization, wireless sensor net-
works.

I. INTRODUCTION

T HE sensor nodes in wireless sensor networks (WSNs)
usually have three work modes: sensing, communication

and sleep, where sensing is to monitor ambient environment
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and sleep is to save energy [1]. storage capability, it is neces-
sary to schedule sensors’ work modes in order to achieve the
optimal network performance or to prolong network lifetime
[2]. Accordingly, many studies have looked into network utility
(performance) maximization (NUM) by considering energy
constraints at sensors [3]–[10].
Previous works on NUM have focused on sensors’ commu-

nication to maximize data collection to the fusion center. How-
ever, the energy constraint has not been investigated intensively.
Many sensors (e.g., MICA and camera sensors) actually con-
sume far more energy in the sensing mode than in the commu-
nication/reporting mode and it is important to optimize all the
modes in scheduling. For example, a MICA sensor consumes
about 90 milliampere (mA) for sensing, 6 mA for sleep, and
12 mA for communication [11], which shows that sensing con-
sumes the most energy and cannot be ignored in sensor sched-
uling. Even in the platforms established using low-power-lis-
tening techniques [12], sensing is still the work mode that con-
sumes the most energy. In some other applications of sensors,
network performance depends on sensing durationmostly rather
than network throughput. For example, for event detection in
WSNs, a longer sensing time provides a higher detection proba-
bility. Besides, many applications require the sensors to transmit
their sensing data to their neighbors or the fusion center before
a given deadline, and the sensors need to work periodically. To
practically capture all these features or network performances,
it is necessary to redefine the current network utility model as
a function of sensing time. Based on the new network utility
model, we can take three workmodes (i.e., sensing, communica-
tion and sleep) into consideration to design multi-period sched-
uling for optimal network performance.
In this paper, we formulate a multi-period scheduling

problem by considering energy constraints and periodic
sensing requirements. Different from prior works that mainly
focused on maximizing network throughput by flow control
[3]–[9], we design a multi-period scheduling over three work
modes to achieve NUM. We develop a novel consensus-based
algorithm to solve the proposed problem in a completely
distributed way. The consensus algorithms usually have a
lower computation complexity (only to average each node’s
neighbors’ states at each iteration) compared with traditional
decomposition methods, e.g., Sub-gradient method [37], and
have an exponential convergence speed. The key contributions
of this work are summarized as follows:
• Multi-period and multi-mode scheduling: To the best
of our knowledge, this is the first work that investigates
multi-period scheduling for NUM by considering energy
constraints and periodic sensing requirements. The formu-
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lated scheduling problem considers three work modes and
the dynamic changes of battery states.

• Problem simplification for tractable analysis : The
multi-period problem is first simplified to an equivalent
single-period problem. Then, we investigate a single-pe-
riod problem with the maximum lifetime constraint, which
helps simplify the initial mixed-integer programming to a
solvable pure-integer programming problem.

• Optimal design of distributed algorithms : A minimum
consensus-based distributed algorithm (MCDA) is first
proposed to solve the single-period problem and to satisfy
the maximum lifetime constraint. With the insights derived
from the MCDA, we develop ACDA to optimally solve
the original multi-period NUM problem. We prove that
ACDA converges exponentially fast and is robust against
various network uncertainties (e.g., dynamic network
lifetime and the changes of communication topology).

The remainder of this paper is organized as follows. Section II
presents the related work. We introduce the system model and
set up a multi-period scheduling problem in Section III, and an-
alyze the simplification of the problem in Section IV. Then, we
propose a novel distributed algorithm to solve the multi-period
scheduling problem in Section V. Finally, we conduct exten-
sive simulations to evaluate the performance of the algorithms
in Section VI.

II. RELATED WORK

Many efforts have been devoted to investigating the NUM
problem by considering the limited energy of sensors [3]–[10].
The studies have focused on the design, control and scheduling
of various network parameters, e.g., flow control, power control,
rate allocation and scheduling, etc., to obtain optimal or sub-op-
timal network utility. For example, the authors in [3]–[5] de-
signed an optimal flow control to maximize total network utility
with different constraints, e.g., lifetime constraint and link inter-
ference. Chiang in [9] presented a distributed power control al-
gorithm to increase end-to-end throughput and energy efficiency
of the network, which enhances network performance by bal-
ancing power control in the physical layer and congestion con-
trol in the transport layer. Palomar and Chiang in [10] provided
a survey for the NUM problem, and proposed a general frame-
work for solving NUM problem, including primal, dual, partial
and hierarchical decompositions, to name a few. Recently, Shi
and Zhang in [15], Shi and Xie in [16], and Wu et al. in [17]
studied the sensor power scheduling problem for state estima-
tion in a network control system and their goal was primarily to
minimize the average error covariance of the estimation. How-
ever, for most of the above work, the network utility is a func-
tion of transmission data rate, which depends on the transmis-
sion power and the radio channel attenuation. Thus, these can be
regarded as throughput optimization problems. That is, the cor-
responding scheduling problem is often communication-driven
without considering the sensing and sleep modes.
Consensus algorithms, as important distributed computing

methods, have gained intense attention recently [21]–[24], and
have been widely used in various areas, e.g., time synchroniza-
tion [25]–[27], distributed optimization [36], and environmental
monitoring [39]. Especially, Nedic et al. in [36] combined a
consensus algorithm with a distributed sub-gradient iteration al-
gorithm to solve a constrained convex optimization problem.

Fig. 1. Network model.

The work in this field provides us with pertinent perspective
to utilize consensus concept to address a convex optimization
problem in a distributed way.
Compared with the existing studies, the main novelty of

this paper includes: i) the formulation of practical multi-period
scheduling problem for NUM, where three work modes are
considered in each period of the scheduling; ii) network utility
is redefined as a function of the sensing time, which thus
characterizes the sensing-dependent network performance; and
iii) we proposed distributed algorithms to directly solve the
problems without using decomposition methods.

III. SYSTEM MODEL AND PROBLEM FORMULATION

We use a undirected connected graph to abstract
the topology of sensors, where denotes the set of vertices
(sensors) and is the set of communication links (do not
consider the links between a cloud layer and sensors). Let

be the neighbor set of node
, where node is also considered as a neighbor of itself (i.e.,

or ), and only neighboring sensors can
communicate with each other. Let be the degree of node for

, which tells the number of the nodes directly connecting
to node except the node . Clearly, we have .
Considering node in Fig. 1 as an example, its neighbor set is

, and the degree is .

A. System Model

We consider a WSN consisting of nodes (sensors), where
each node monitors the environment and a targeted event in its
surrounding area. We consider a time-slotted model with time
interval being the length of each slot/period. In each period,
every node can have three workmodes: sensing, communication
and sleep. As shown in Fig. 1, let and repre-
sent the time interval that node operates at the sensing
mode, communication mode, and sleep mode, respectively, in
time slot/period . The detailed elaboration is given as follows.
• Sensing mode: In time interval , node monitors the
environment. Its energy consumption in this time interval
equals , where is per time energy consump-
tion in sensing mode.

• Communicationmode: In time interval , node reports
its monitored data to a cloud layer (e.g., data collection
nodes) and broadcasts to its neighbors, for data fusion and
network control decisions. Its energy consumption in this
time interval equals to , where is per time
energy consumption in communication mode.

• Sleep mode: In time interval , node stops monitoring
and communicating. Its energy consumption in this time
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interval equals , where is per time energy
consumption in sleep mode.

Clearly, we have for . As
long as sensors have computing function to fuse sensing data lo-
cally (e.g., in cognitive radios [38] and distributed localization
application [40]), they do not need to transmit a large amount
of data but only the fusion results. Thus, we assume the com-
munication time in each period is fixed for each node , i.e.,

for each period . Let be the
minimum required sensing time in each period, i.e.,

, which guarantees each node can obtain enough
monitor data during each sensing period. Clearly, we have

(1)

Suppose that each node has an initial energy for itself to
perform a task over time1. At time , the energy of node , say

, satisfies

(2)

where is the energy consumption rate of node at
time [28]. The value of depends on the work mode of
node . Specifically, when node is sensing, sleep and communi-
cation at time , we respectively have , ,
and .
Given scheduling for each

node in one period , the energy consumption, defined as
, can be calculated by

(3)

Since and ,
can be rewritten as a linear function

of as follows.

(4)

where and . It is reasonable
to assume that as the sensing energy consumption
is usually larger than that sleep energy consumption [4], [28].
Thus, we have . Clearly, each
holds for , and is a linear

increasing function of .
Remark 3.1: We can also extend our results to the scenario

where the communication time is a constant plus an additional
time proportional to the sensing time for node in each
period , i.e., , where is a coefficient to
transmit sensing data. In this case, the energy cost function (4) in
each period is still a linear function, with
and . And the upper bound of node
’s sensing time becomes . Based on a linear energy cost
function (4), the analysis of optimal solutions and the design of
the algorithms only depend on the parameters and and the
upper bound of node sensing time. Therefore, the main results
of the remaining parts of this paper will not be affected in this
scenario.
We summarize all key notations in Table I.

1One can view as the battery capacity of node .

TABLE I
NOTATION DEFINITIONS

B. Performance Metrics

At time , the residual network lifetime is defined as the
number of periods that all sensors can work under constraint (1),
i.e.,

(5)

which depends on the scheduling of sensing time in each
period and the setting of lowest sensing time . This net-
work lifetime definition is practical for some applications [4],
[14], e.g., in applications for forest fire detection and military
surveillance. When we set the same sensing time duration for
all nodes in each period (i.e., for ), we have

(6)

Actually, when there exists one node with at
time , the energy is no longer sufficient for it to finish its
one period work (including sensing and communication), and
then the network is deemed dead.
Note that the node with a longer sensing time may obtain a

better accuracy estimation or a higher event detect probability,
which benefits the control decision. Hence, a utility function,

, is defined to describe the utility of each node with
the sensing time in each period . We assume
for is twice differentiable on its variable and
satisfies the following two conditions:
1) and if and only if

for . This utility depends on the value of the
sensing time and has a positive value only when the sensing
time is larger than ;

2) and for , i.e.,
each utility function is monotonically increasing during the
sensing time and is a strictly concave function.

There are various applications, where a longer sensing
time will obtain more utility (e.g., detection accuracy) in
WSNs, similar to our focus in this paper. For example, in a
cognitive radio network, sensors in the secondary system try
to opportunistically sense and access unused channels of the
primary system in order to improve the efficiency of spectrum
usage. As pointed out by [38], a longer sensing time leads
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to a more accurate channel estimation (with a smaller false
alarm probability) of spectrum occupancy, where each sensor
only makes a binary decision about primary signal presence or
absence after sensing. As the sensing time becomes longer, the
utility in terms of sensing accuracy does not increase linearly
and usually presents a diminishing return from sensing. In
this paper, we adopt a widely used logarithmic function that
satisfies the above assumptions, consisting with [3], [4], [9], to
characterize the network utility.

C. Scheduling Problem Formulation

Note that the utility in time period is an
increasing function of , while network lifetime is a de-
creasing function of sensors’ sensing time. The goal of this
paper is to design the sensing time for each node in
each period such that the total network utility throughout the
network lifetime is maximized. We formulate it as a multi-pe-
riod scheduling optimization problem as follows.

(7)

It follows from (5) that
holds for . Hence, condition (5) implies the total
energy consumption of each node under the setting of

, should be less than its current energy
. Note that should be an integer, which means is a

mixed integer programming problem. Therefore, it is inherently
difficult to find the optimal solution for problem . The major
challenges include:
1) Classical approaches, e.g., Lagrange multiply-based ap-
proach, are ineffective, as they require the objective func-
tion to be continuously differentiable which is not satisfied
in the objective function in (7).

2) There are infinite values of ,
available for each node , thus it is difficult to solve this
problem directly by using a general centralized algorithm,
e.g., enumeration algorithm.

3) From (5), the variable is a function of scheduling from
all nodes without a closed-form expression, thus it is diffi-
cult to determine an optimal solution.

4) Due to the nature of mixed-integer programming problem,
the optimal solution of may not be unique.

As shown in Fig. 2, we first introduce optimization problem
as equivalent to initial problem with the same solution,

which successfully simplifies problem to a single-period
scheduling problem. Then we consider one special interesting
optimization problem , a sub-problem of , and design
MCDA to solve problem . Utilizing the solution from
problem , we further simplify problem to a pure-integer
programming problem, and thus this can be solved by a classical
integer programming approach in a centralized way. Lastly, we
design ACDA to solve the pure-integer programming problem.
Hence, the initial problem can be solved in a completely
distributed way. Especially, when the energy consumption in
each iteration is ignorable, we prove that ACDA can obtain an
optimal solution for the initial problem . When the energy
consumption in each iteration is taken into consideration, we

Fig. 2. Solution logic of different problems.

give the upper bound of the error between the optimal solution
and the solution obtained from ACDA.

IV. PROBLEM SIMPLIFICATION

In this section, we first transfer the multi-period problem to
an equivalent single-period problem, which largely decreases
the number of variables in the objective function. To further
simplify the problem such that it is solvable, we study the dis-
tributed single-period scheduling problem with maximum life-
time. Then, based on observed insights, we transfer the problem
to a pure-integer programming problem, which can be easily
solved in a centralized way.

A. Equivalent Single-period Scheduling Problem

In this subsection, we introduce and prove an equivalent
problem for problem , which can simplify problem to a
single-period scheduling optimization problem.
Consider an optimization problem as follows

(8)

where denotes residual network lifetime at the time pe-
riod . Note that the number of the variables in single-period
optimization problem is largely reduced comparing to the
multi-period optimization problem .
By referring to Jensen’s inequality, it is obvious that

for any concave function satisfying and
, we have , where

, and the equality holds if and only if (iff)
for . Hence, in (8), by setting the

same scheduling for every period, we can obtain the max-
imum network utility when the total sensing time is fixed.
Meanwhile, note that each is a linear function of

, which means that for

and . This implies
that the total energy consumption under different multi-period
schedules is the same when these multi-period schedules have
the same total sensing time. Therefore, we can obtain a con-
clusion that NUM can be achieved by equally allocating the
available sensing time to each period. Thus, we can prove that
is equivalent to in the following theorem.
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Theorem 4.1: Problem is equivalent to problem , i.e.,
these two problems have the same optimal solutions.

Proof: The proof is provided in the Appendix A.
With the help of this theorem, we only need to focus on :

a single-period scheduling problem.
Remark 4.2: We now quantitatively can compare

problems and in terms of the computation com-
plexity. Note that there are variables, i.e.,

, and for , in problem .
Only variables, i.e., and for , in problem
. However, as each variable can still be any value in

and is an integer and not
differentiable, problem is also a mixed integer programming
problem. Hence, it is still difficult to solve this problem directly.
To further simplify the problem such that it is solvable, we

consider a special interesting optimization problem in the
following subsection. It helps to convert problem to a solv-
able pure-integer programming problem. The corresponding re-
sults will be highly useful for us to find the optimal solution of
problem .

B. Reduced Pure-integer Programming Problem

Consider the following optimization problem,

(9)

(10)

where is the maximum residual network lifetime at the
time under constraint (1). It should be pointed out that network
lifetime maximization is also crucial in a sensor network [4],
[5], [34], [35], thus problem is also an important problem in
WSNs.
Note that every is an increasing function, it implies

(11)

Clearly, when the sensing time of each node equals , the net-
work lifetime is . However, if every node sets
, the objective (9) may not be achieved. Hence, determining

an optimal solution and designing a distributed algorithm to ob-
tain the optimal solution are the main challenges of problem .
Since each is a monotonically increasing function of
as , each node sets a maximum in its

feasible values to obtain the maximum network utility. Hence,
under a given network lifetime , we have the
following theorem, which guarantees there is a unique optimal
solution for problem and also provides a closed-form optimal
solution.
Theorem 4.3: The optimal solution for each node of

problem is unique and satisfies

(12)

With the guarantee of Theorem 4.3, in order to find the op-
timal solution , each node can directly solve (12) in a dis-

tributed way once all nodes obtain the maximum network life-
time . What’s more, the value of maximum network
lifetime can also be obtained through distributed information
exchange. Thus, problem can be solved in a fully distributed
manner. Hereafter, we will propose a minimum consensus based
algorithm to solve problem .
The key idea of minimum consensus is that neighboring

nodes exchange their information iteratively, and at each itera-
tion each node uses the minimum state among all its neighbor
sensors’ as its update. Then all sensors’ states will converge
to the smallest state among all sensors. Note from (11) that

, which is the smallest lifetime
among all sensors’ under the setting of .
Intuitively, using minimum consensus can help every node to
obtain . The details are shown as follows.

Algorithm 1 : Minimum Consensus-based Distributed
Algorithm (MCDA)

1:Given the initial conditions , , , , and for

. Let for and let be
the initial maximum network lifetime estimation for .

2:At each iteration , each node reads its current
energy and calculates . Then, let

(13)

and then broadcast to its neighbor sensors.

3:If node , receives a packet from its neighbor sensors,
, then it updates its according to

(14)

4:After updating, set

(15)

Since for minimum consensus, after iterations, the state of
the -hop neighbors of (say who has minimum state)
has been updated as the minimum state. That is, the conver-
gence time of a minimum consensus for a connected network
is not more than . Thus, when the energy consumption
during each iteration time interval is ignorable, i.e.,

, the convergence time of MCDA
is . Considering the energy consumption of the algorithm,
we give a theorem as follows.
Theorem 4.4: Suppose that the sensor network is

connected and , by using MCDA, the
maximum network lifetime obtained by nodes satisfies

(16)

There exists a , such that

(17)

Proof: The proof is provided in the Appendix B.
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In the above theorem, is the step size of MCDA, and a
smaller decreases the value of . Thus, we
can set a small for two continuous iterations, such that the
condition is satisfied. For MCDA, each node
can stop communicating when it finds that all its neighbors have
the same states, and after the communication stops.
Therefore, we infer from Theorem 4.4 that the convergence time
of MCDA is the minimum defined in the above theorem.
Meanwhile, note that the condition
takes account of a node’s energy variation, it follows from The-
orem 4.4 that MCDA can be robust against the dynamic change
of node energy.
From the above obtained results, we observe two insights.

First, when the network lifetime is fixed, i.e., , in
problem , there is a unique optimal solution satisfying

(18)

i.e., all nodes will evenly allocate their energy to each period for
sensing. Second, the maximum or minimum network lifetime
under (1) can be obtained in a distributed way from minimum
and maximum consensus-based algorithms.
Based on these two insights, problem can be transferred

to a pure-integer programming problem. Specifically, it follows
from the definition of the network lifetime that should sat-
isfy the following inequality,

(19)

where is the minimum net-

work lifetime under (1). Since should be an integer in
interval , there are a finite number of fea-
sible values for . Meanwhile, for each given , there
is a unique optimal for each node . Hence, problem
is a pure-integer programming problem, and can be solved
by classical integer programming [29], which is a central-
ized approach. Specifically, we can calculate the maximum
utility under optimal scheduling, , by setting

for any given . Note
that there are a finite number of feasible values for ,
we can obtain an optimal by comparing the values of

for different ,
so that is the maximum. Thus, the optimal
solutions of problem are

(20)

Then, in order to solve problem , it is equivalent to find the
optimal network lifetime such that the network utility is the
maximum, which will be discussed in the next section.

V. OPTIMAL SOLUTION AND DISTRIBUTED ALGORITHM

As proved in Theorem 4.1, problem is equivalent to
problem , thus we can focus on how to find the optimal
solution for problem directly. Although problem is
simplified as a pure-integer programming problem, it is still a
challenging problem as the global information is not available

for the sensors. This section first analyzes the closed-form ex-
pression of the optimal solution. Then, based on this analysis,
we propose ACDA to solve problem .

A. Optimal Solution Analysis

Based on the observed insights discussed in the previous sec-
tion, we know that the optimal solution of problem under
the optimal network lifetime, denoted by , satisfies (20).

Let be the lifetime of the node
which will survive the longest when the sensing time is the max-
imum (i.e., ). Divide the feasible interval
of the network lifetime into two sets, and

. When , for ,
one has

(21)

which means that , i.e., the
optimal solution is

(22)

Hence, when , each sensor will allo-
cate its energy evenly for each period to achieve the max-
imum network utility. In this case, the variable in problem
can be expressed as a function of network lifetime, which

has the form as the right side of (22). Then, by substituting
into the function problem , the objective function becomes
an univariate function, where the unique variable is the net-
work lifetime. Removing the integer constraint on network life-
time, problem can be transferred to a univariate optimization
problem , which is given by

(23)

where the continuous variable is the network lifetime. For this
problem, we have a theorem as follows.
Theorem 5.1: Given a time , problem is a concave

problem and has a unique optimal solution.
Proof: The proof is provided in the Appendix C.

Hence, the optimal solution of problem can be easily ob-

tained by solving equation . The
of problem and its optimal solution can be found after ob-
taining the optimal solution of problem .
Theorem 5.2: Suppose that is the optimal solution of

problem for a given time . Then,
1) If , we have

(24)
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and the optimal solution of problem satisfies (22);
2) If , and the optimal solu-
tion of problem satisfies (22);

3) Otherwise, the maximization of problem is achieved
when .
Proof: The proof is provided in the Appendix D.

Remark 5.3: It is observed that
iff and iff ,
i.e., the value of determines the interval that the op-
timal belongs to. Specifically, if ,

and it can be easily obtained by
comparing for and . How-
ever, if , , it can be obtained
by comparing the maximum network utilities under all different
lifetime values in .

B. Average Consensus-based Distributed Algorithm (ACDA)

A completely distributed algorithm is naturally preferred for
WSNs, as it has stronger scalability and robustness, e.g., robust
against packet drop and dynamic network, than a centralized
algorithm. In this section, we propose a fully distributed algo-
rithm, ACDA, to help each node obtain the optimal scheduling.
From [21], [22], it follows that after given initial state for each

node, an average consensus algorithm can help nodes with only
local information to achieve average consensus (average of all
nodes initial states). Moreover, the algorithm under a connected
network has an exponential convergence speed. Herein, we pro-
pose ACDA to solve problem in a distributed way. To save
the communication time, we consider the following two cases
for the optimal solution:
1) Medium lifetime regime: When , the op-
timal solution of problem can be obtained from solving
problem . Specifically, let be the initial
state of node . An average consensus algorithm can help

each node to obtain when the algo-
rithm converges. Then, each node can get by solving

and obtain the optimal solution
based on Theorem 5.2.

2) Short lifetime regime: When , the op-
timal solution of problem is obtained by com-
paring the maximum network utility under different
lifetime settings in . Specifically, let
be the number of integers in and

let , where
and

. Set as
the initial state of node . Similarly, an average algorithm

can help each node to obtain . The max-

imum element of vector , say -th element,
is the average of the maximum network utility. Then,

and the corresponding optimal

solution is .
Firstly, consider ACDA algorithm for the medium

lifetime regime case. Let and

be the initial estimated maximum
and minimum network lifetime of node , respectively; Let

be the initial estimated maximum net-
work lifetime under the scheduling of ; Let

be the node ’s initial estimation of
the average optimal network utility.

Algorithm 2 : Average Consensus-based Distributed
Algorithm (ACDA)

1:At each iteration , each node reads its current
energy , then

(25)

and

(26)

where .

2:Broadcast , and to its
neighbors.

3:If node receives a packet from its neighbor nodes, then

(27)

and

(28)

where each is Metropolis weight [19], which is given by

,

.
(29)

4:Solve equation to obtain the solution .
Then,

1) if , then

(30)

where

(31)

2) if , then .

5:Store , , and .

Let and
. By ACDA, we have

(32)

where is a matrix with the Metropolis weights. Note that
when the energy consumption during each iteration time in-
terval is ignored, i.e., ,
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we have . Since is a doubly stochastic matrix
(it is a square matrix of nonnegative real numbers, with each of
rows and columns sum to be 1), according to the classical theory
of consensus [21], it has

(33)

with an exponential convergence speed, where
. However, if the energy consumption of the

algorithm is considered, i.e., ,
then (32) is a dynamic average consensus. For this case, we
give the following theorem, which gives an upper bound of
the differences between nodes’ states, where the proof of the
theorem is inspired by the stability analysis given in [30], [31].
Theorem 5.4: Suppose that is connected and ,

where is a positive constant, using ACDA, we have

(34)

where is the average state of all nodes and
is the second largest eigenvalue of .

Proof: The proof is provided in the Appendix E.
Note from [22] that , taking limitation on both sides

of (34), we have

(35)

Thus, with the iteration increasing, each will become
closer to the real , and the difference between
them is bounded by . Note that is the upper bound of

. Fortunately, we can set a small such that
is small enough (while it should ensure that sensors can com-
municate with each other at lease once in such a small time in-
terval ), and then can be a small value. Hence, a smaller
setting of helps decrease the error between each
and of ACDA. Note that (34) guarantees that
ACDA can converge in a small error bound under the condition
that which has taken energy variation into consid-
eration.
Secondly, consider a short lifetime regime. Since and
can be obtained from Algorithm 1, we assume these two

variables are known to each node in this case. If we have ob-
tained the optimal solution for each node from step 4 of Algo-
rithm 1, then problem can be solved; otherwise, we give the
following iteration equation, which is named ACDA algorithm
to handle this short time regime case,

(36)
with initial conditions , and where

and is a number of
integers in . Note that (36) is also a dy-
namic average consensus algorithm, its convergence can
be guaranteed by the similar theoretical analysis as The-
orem 5.4. Especially, when , we have

for . There-
fore, each node can obtain the for problem by
comparing the values of for , i.e.,

,
and then obtain the optimal solution as (22). Since theoretical
results and algorithm design are similar to that of the medium
lifetime regime case, we omit the details. The main difference
for handling these two cases is the computation time on average
consensus. For short lifetime regime, since each node needs
to calculate at each iteration for , there are
variables needed to calculate at each iteration. In the medium
lifetime regime, it follows from (28) that there is only one
variable needed to calculate at each iteration.
Remark 5.5: It should be pointed out that we can use the

above approach to solve problem directly, i.e., by comparing
the maximum network utilities under all the possible values
of for to get the optimal net-
work lifetime. However, it may increase the computation and
storage for sensors compared to handling these two cases sep-
arately. Note that there may be many more integers in

than those in , and thus the
value of in (36) becomes much larger. Specifically, when we
handle these two cases separately, the computation time on av-
erage consensus for each node is at each it-
eration; while it becomes when we solve
problem directly. Hence, handling these two cases separately
can reduce computation time at each itera-
tion. Since

(37)
generally holds true when , handling this two cases
separately can largely save the computation time.

VI. EVALUATION

In this section, we evaluate the performance of proposed al-
gorithms. All the results were obtained with Matlab 7.0.
We simulated a WSN composed of 50 sensors that were ran-

domly distributed in an area, and the communica-
tion distance for each node was 20 m. To guarantee proportional
fairness [32], the utility function is given by

(38)

where are positive constants, which can be deemed as
different weights on the utilities of the nodes. From a Tmote Sky
Datasheet [33], we have per time energy cost for communica-
tion, sensing and sleep modes respectively satisfy
(Milliwatts), , , and the bat-
tery voltage is 3 V (Volt). Each initial energy for each node is
randomly selected from (Milliampere-hour),
i.e., for . We set the length of
each working period , the minimum required sensing
time , and the communication time for

. Hence, we have and for (4).

A. Network Utility Under Different Lifetime Setting

We observed that network utility is maximized under optimal
scheduling and is much larger than that under the maximum
network lifetime constraint in (10). Fig. 3 shows how the net-
work utility changes under feasible different network lifetime
settings of problem , which means that under the lifetime set-
ting the sensing time of each node satisfies (1). Fig. 3(a) shows
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Fig. 3. The network utility for different problems under different lifetime re-
quirements.

that the relationship between network utility and the number of
nodes with scheduling (12) when the network lifetime always
equals to . It is observed that when all nodes with their
sensing time satisfy (12), the network utility is at maximum,

, i.e., the network utility is maximized when all nodes set
their sensing time equal to the maximum values among their
feasible intervals under the maximum lifetime constraint, which
supports the results given in Theorem 4.3. Then, Fig. 3(b) shows
the network utility under different network lifetime settings for
the objective functions of problems and , where the net-
work lifetime is 45. The network utility under each net-
work lifetime for problem is the optimal utility obtained
from (18). We can see that the network utility is a concave func-
tion of network lifetime and different network lifetime settings
can get different network utilities. Specifically, when the net-
work lifetime is in , problem and have
the same network utility, and the network utility is maximized
when and the optimal network utility is 10,095
which is much larger than 5160 (the optimal network utility
when ). It is also observed that the op-
timal network utility of problem equals that of problem
when the maximum network utility is in , which
supports Theorem 5.2.

Fig. 4. The performance of MCDA and ACDA under the setting of
, i.e., battery variation is ignored. (a) The network utility

under MCDA, (b) The average utility under ACDA for each node .

B. Evaluation of Distributed Algorithms

We observed that MCDA obtains a global optimal solution
under the maximum lifetime constraint in a finite time, and
ACDA obtains a global optimal solution for the multi-period
scheduling problem with an exponential convergence speed:
Considering the performance of the proposed algorithms,
MCDA and ACDA, we studied whether the global optimal
solutions of problem and can be obtained from applying
MCDA and ACDA, respectively. Firstly, when the energy con-
sumption of the algorithms is omitted, i.e.,
holds before the algorithm converges, Fig. 4 shows that the
network utility changes with iterations. It is observed from
Fig. 4(a) that with MCDA the network utility of problem can
be maximized within finite iteration times and the stable utility
equals 5160 which is the same optimal utility as that obtained
in Fig. 3(a). And, it is seen from Fig. 4(b) that with ACDA the
nodes’ estimation of the average optimal network utility will
converge with an exponential speed, where each line in the
figure denotes the change of the average utility under
ACDA for node , and at the stable state (the utility no longer
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Fig. 5. The performance of MCDA and ACDA under the setting of
, i.e., battery variation is considered. (a) The network

utility under MCDA, (b) The average utility under ACDA for each
node .

change with iterations), the average utility of each node equals
201.9, which is exactly . That is, the optimal
network utility shown in Figs. 3(b) and 4(b) are equal, which
means that the scheduling obtained by ACDA is the global
optimal scheduling. Thus, the optimal solution of problem
and can be obtained from MCDA and ACDA, respectively.
It should be pointed out that although it needs more than 500
(seen from Fig. 4(b)) iterations for ACDA to converge, ACDA
has an exponential convergence speed and thus can converge
fast in a given small error bound. We can set a small iteration
step size time, e.g., 100 ms (which should be guaranteed once
there is communication exchange between neighbors), such
that the algorithm can converge more quickly. We can also run
the algorithm in an additional communication phase.
We observed that both MCDA and ACDA are robust against

battery variation: Considering the energy consumption of the
algorithms and setting , i.e., the energy cost at
each iteration is 0.01, Fig. 5 shows the dynamics of network
utility with iterations of both algorithms. It is observed that both
MCDA and ACDA converge fast such that the differences be-
tween nodes are less than a given small bound in (34). This is

consistent with the results in Theorem 5.4 that ACDA cannot
converge completely. However, it is clear to see that the net-
work utility may decrease with iterations at the stable state for
both algorithms, as the energy consumption of the algorithms is
increased with iterations that will decrease network utility and
network lifetime. It is observed from Fig. 5 that both MCDA
and ACDA can retain the difference between nodes in a small
bound. Thus, the scheduling obtained by both of these algo-
rithms is very close to the optimal scheduling.

VII. CONCLUSIONS

By considering energy constraints and periodic sensing re-
quirements, this paper has investigated a multi-period sched-
uling for NUM in WSNs, which introduces challenging mixed-
integer programming. By using the properties of the convex ob-
jective function and the linear energy cost function, we first
transfer the multi-period problem to an equivalent but simpli-
fied single-period problem. Then, we find that once the network
lifetime is given, the optimal solution is that each node evenly
allocates its energy to each period for sensing. Based on this ob-
servation, the MUM problem is further simplified to a pure-in-
teger programming problem that can then be easily solved in
a centralized way. Meanwhile, two novel consensus-based al-
gorithms, MCDA and ACDA, were proposed to solve these
problems in a completely distributed way. These algorithms
have an exponential convergence speed and are robust against
time-varying network lifetime.
With the consideration of both sensing time and communica-

tion time in multi-period scheduling for a NUM, the objective
function depends not only on the sensing time but also on the
communication time. The linear energy cost function may not
be a linear function as the communication time is not a linear
function of the sensing time. Then, the objective function and
energy cost function become more complex and the proposed
approach is invalid. We leave this more challenging problem as
a future work.

APPENDIX A
PROOF FOR THEOREM 4.1

Proof: Note that problem is more general than problem
. Therefore, if we prove that the optimal solution of problem
is also the optimal solution of problem , the equivalence

between and is proved.
Denote the optimal sensing sequence of problem as

. Let . Since each

satisfies (5), we have
, i.e, also satisfies (5). Since is the average

of and each satisfies (1), we also have that
every satisfies (1). Hence, every satisfies the constrains
given in problem , which means that every is in the
feasible region of this problem. By using Jensen’s inequality,
one obtains that . Meanwhile,
since the sensing sequence , is the op-
timal solution of problem , .
Thus, we have , which means
that holds for .
Then, we prove that every sensing sequence

, given above is also the optimal solution of
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problem . We prove it by contradiction. We have proved that
holds for , thus we infer that

achieves the maximum value under the con-
strains of problem . Hence, if there exists satisfying (6),

i.e., , then achieves
the maximum value under the constrains of problem , i.e.,

is the optimal solution of problem . Since
the satisfies condition (5), we have

holds for , i.e., . If

, we can increase the value of

each such that , which will in-

crease the value of . It is a contradiction
since achieves the maximum value. Hence,

, i.e., satisfies (6).

APPENDIX B
PROOF FOR THEOREM 4.4

Proof: From (13) and (14), one infers that

(39)

According to (39), each is a decreasing function of itera-
tion , the convergence time of theminimum consensus is ,
when , we have

(40)

holds for . From , we infer that

(41)

holds for , which means that

(42)

Thus, for (39), we have

(43)

From (40) and (43), it follows that when , we have
holds for .

Meanwhile, from (43),

(44)

If , it can be deduced
from (40) that . Otherwise,

(45)

and then it infers from (40) that .

APPENDIX C
PROOF FOR THEOREM 5.1

Proof: Taking the derivative of the objective function (23)
over the variable , we have

(46)

and

(47)

Since each is a concave function and , it follows

(48)

Hence, problem is a concave optimization problem. Based
on the convex optimization theorem [18], there is a unique op-
timal solution for problem .

APPENDIX D
PROOF FOR THEOREM 5.2

Proof: Since is the optimal solution of problem ,

(49)

For problem , as each is an increasing function and
satisfies , it follows that

(50)

holds for . Hence, when , we infer that for
problem , when , its objective function
satisfies

(51)
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We have known that when , problem
can be transformed into problem with adding a condition
. Thus, when , it follows from (51) that

. Specifically, when , the
in problem should equal or , the first result

is obtained directly from (49) and (22). When ,
note , we thus have the second result of this
theory holds true. When , it infers that

(52)

holds for . Thus, the maximization of
problem is achieved when .

APPENDIX E
PROOF FOR THEOREM 5.4

Proof: Based on (32), let be the unit matrix, we have

(53)

Using eigenvalue decomposition of matrix with
, where is unitary matrix, we have

(54)

and

(55)

By combining (54) and (55), it yields (34).
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